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Some Evidence for the Validity of
the Noise-Temperature Inequality
8 = T in the Relaxation
Approximation of the One-
Dimensional Electron Transport
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The conjecture that “noise” is always smallest in an equilibrium system is
made quantitative for a transport problem by identifying “noise’ with the
noise temperature 6. In equilibrium the external field F = 0, and the
fluctuation-dissipation theorem gives § = T, the temperature. In a strong
field F the Boltzmann equation in the constant relaxation approximation is
used to calculate the drift «(F, T) the diffusion constant D(F, T), and the
noise temperature O(F, T) for piecewise linear one-dimensional band
structures E(k). The validity of the noise inequality 8§ > T has been shown
for a large variety of band parameters and for all fields and temperatures.

KEY WORDS: Transport problem; stationary nonequilibrium state:
nonlinear fluctuation phenomena; noise temperature; diffusion tempera-
ture; fluctuation-dissipation theorem; hot electron system; Brownian
motion.

! IBM Zurich Research Laboratory, Riischlikon, Switzerland.
421

© 1974 Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No part of this publica-
tion may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic,
mechanical, photocopying, microfilming, recording, or otherwise, without written permission of the publisher.



422 W. A, Schlup

There is a physically very plausible conjecture about the noise of a non-
equilibrium system which states that noise should become a minimum in an
equilibrium system. In any (stationary) nonequilibrium state it should be
larger than its equilibrium value.

Here we want to make this conjecture more quantitative for a transport
problem in a strong electric field Fin one dimension. It will be shown that the
noise temperature 6 is the quantity which has the property stated in the
conjecture. It is defined according to Price® by

8(F, T) = «S(F, T)|u(F, T) = D(F, T)|u(F, T)
where S(F, T) is the velocity fluctuation spectrum, D(F, T) is the diffusion
constant, and u(F, T) is the differential mobility in a field F in the static case
w = 0.

In equilibrium the field F vanishes and the fluctuation-dissipation
theorem (FDT) gives (0, T) = T, i.e., the noise temperature coincides with
the temperature T. The conjecture therefore becomes in quantitative terms

&F,T)>T )
as long as p > 0.2

It is expected to hold for all band structures E(k) and for all linear
collision operators C, which gives rise to stable stationary solutions of the
transport equation

0 0 4 ,
%S + Fﬁf = Cd = f dk' (Wb — Wids)

Wi = Wieihy, b, = Ce™ %/, v, = OE,[0k )
These equations have been used for transport studies in-high electric fields
(see Conwell®). They implicate collision processes of the electrons with
another system, e.g., phonons. If this system has very fast internal relaxation
processes, it remains (practically) in equilibrium and acts like an energy
reservoir with constant temperature T, e.g., the lattice temperature. The
phonon equilibrium assumption has been very successfully applied in order
to explain the drift curves in real substances (see, for example, Ref. 3).

In this paper the relevant quantities are calculated explicitly in the
constant relaxation-time model of the collision operator Cp = w(h — ¢),
where v = 1/ is the relaxation frequency. The band structure E(k) is assumed
to be piecewise linear. It is uniquely defined by

E(k) continuous, E(—k) = E(k), E0)=0
k) = v, for k, <k <ky, n=0,1,..,N) 3)
where ko =0 <k, <ky < <ky<hkyy1=

2In cases with u < 0 the assumption of a homogeneous stationary system (g = 0,
w = 0) is no longer true and & loses its physical meaning, but is still defined
mathematically.
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and is given by the band parameter set
k=0,ky, kass ky, D = Vg, U1, Vgseery Uy
The drift velocity in the r-model (see Ref. 4) is
w(F,T) = 5 = v(k + Fr)* @

and the diffusion constant (D = #S) is
D(F,T) = f dt A(D)Ae0) = A — Bu )
Q

where

A = vk + Ft + Fs)u(k + Fs)'&, B = vk + Ft + Fs)'*
and ()" = f dk(-) b, ) = f dt(~we~", and analogously for ().
Q
In order to evaluate u, 4, and B for the piecewise linear band structure

(PLBS) it is convenient to express B and part of 4 by u, C, and its derivatives
with respect to Fand T

du T? {du udC
Then u and I are given by the double integrals (¢ = »/F, g8 = 1/T),
¢
U= Cf dk e“’E"“*“"aJ. dk' e *'p(k") @)
fw %
I=¢C J dic ¢~ 5EG + kg2 f " dk' e~ u(k)E(K') ®)
—w k

which decay into (N + 1)(2N + 3) ranges of analytical integrands according
to the lines of discontinuity at k, ¥ = 0, +k;, +k,,..., +ky. The evaluation
is given in the appendix.

It is easy to calculate u and D in some special cases. If the absolute
minimum of E(k) occurs for k = +k, (k, = 0, ky,..., ky), then the following
F— 0, T— 0 limits hold:

lim u(F, 0) = 3{e(kn + 0) — v(kn — O)]

lim D(F, 0) = Luv(k, + 0) + vk, — 0)]?
F—0

<

ITiinOu(O, T) = Q)

leé DO, T) = —uv(k, + Ok, — 0)
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and
w0, T) ~ (1/T) lim D0, T)
T-0

These formulas hold, since for small 7"and F all electrons are near the energy
minimum E(k,), and v and D are determined by the energy band parameters
near +k,. Formulas (9) can also be extended to a band structure with more
equal or nearly equal energy minima by weighting the contributions with the
corresponding Boltzmann factors exp[— E(k,)/T].
In the limit of F— oo or T — o the following is true:
T = o0: u(F, ) = 0, D(F, 0) = vy? (10)
F = o0: u(oo, T) = vy, D(o, T) =0
This result is again plausible, since for high field or temperature most of the
electrons have very high energy and » and D are determined by vy, the
asymptotic velocity. It is remarkable that F = 0,7 =0 and F =00, T = ©
values of # and D depend on the order in which the limits are taken.

The drift curves u(F, T) have been published earlier (see Ref. 5) for the
band parameters ‘

0, kyi,..y by
Ug, U1y..05 Uy
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Fig. 1. The diffusion constant D(F, T) as a
function of field F with temperature T as a
parameter for v = 1 and the specified band
structure £k =0, 1;v = 2, 1 [for u(F, T) see
Figs. 3-7 in Ref. 5].
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Fig. 2. The magnitude of the relative noise
temperature |6(F, T)|/T as a function of field
F with temperature T as a parameter for v = 1
and the specified band structure k =0, 1;v = 2,
1 [for w(F, T) $ 0 see Figs. 3-7 in 5].

for

0,! 0,1 0,1 0,1 0, 051

(2, 1)’ (—2, 1)’ (0.5, 1)’ (—0.5, 1)’ (2, ~1.9, 1)
In Figs. 1-10 the diffusion constant D(F, T') and the magnitude of the relative
noise temperature |O(F, T)|/T are given as functions of F with T as a parameter
for the same band parameters as above. Putting v = 1 is no essential restric-
tion, since v enters only in the combinations F/v and Dy, which are the quan-
tities actually plotted. The detailed structure of the curves depends very much
on the parameters chosen. In general, D and |8|/7 have maxima and minima
for finite fields, and D — 0 as F— oo [see (10)], whereas |8|/T tends to a
limit value for F — o (see the appendix). For small fields the discontinuous
behavior of (9) becomes evident by comparing the curves for small 7 with
T = O result.

It can easily be seen that in our cases the conjecture 6 > T is everywhere
fulfilled.® The computer program written has been used for many other

3 A proof can be given for small fields in the r-model.
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Fig. 4. |0|/T vs. F, as in Fig. 2, but for k = 0,
;0= -2,1.
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Fig. 5. D vs. F, as in Fig. 1, but for k = 0, 1;
v =0.51.
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Fig. 6. |0]/T vs. F, as in Fig. 2, but fork = 0
1;0=05,1.
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Fig. 7. D vs. F, as in Fig. 1, but for k£ = 0, 1;
v=—05,1.
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Fig. 8. |8]/T vs. F, as in Fig. 2, but for k£ = 0,
1;0=—05,1.
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Fig. 9. Dvs. F, asin Fig. 1, but for £ = 0,
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IGI/T

< x
n "
N O
O
0w
LN

04

A

10
1 i | T=®

1 F
Fig. 10. [6|/T vs. F, as in Fig. 2, but for k = 0,
' 05 1;,v=2,-109,1.
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examples, and parameters have been changed in such a way as to make the
6/T minima (> 1) smaller and eventually to get a case with /7 < 1; how-
ever, this could never be accomplished.

We do not consider this as a proof of the conjecture in the relaxation
model of the collision operator, but we hope to have shown that there is
strong evidence for the validity of the conjecture.

APPENDIX

In order to evaluate (7) and (8) it is convenient to use a vector notation*
{k(O)aa k(2N + 2)} = {'—CD, _kN9 '_kN—lr"a _k19 09 kly k2:---> kN’ OO}

{v(1),..., V2N + 2)} = {—0Un, ~Vy_15.r — Vg, Vg, Uyeeoy Uy}

Em+1D)=Em+uvn+ Dk(r+ 1) —km], EN-+1)=0

1 J*co Jk . 2N + —BE(m) _ p—BEM+1)
—_—= e = Z
C - e
2N+1 2N +1
u = Z z Upy
n=0 lI=n

1 pk(n+1) e
dik e % =
o f K(n) nZO Bo(n + 1)

kin+1) k(i+1)
um=j dk k' () for n>1

k(n) (O]
kn+1) k(n+1)

Upn =J dk dk’ (-+) for n=1
k(n) k(n)

and analogous definitions for I, I,,;, I,,,

e(n) —e(n+ 1)

Uy = C v(l + 1)(e—mc(1) _ e—ak(l—l))

T T B+ 1) — «

_ e‘”E(") _ e_ﬁE<n+l) —ak(n+1 e_(IZ)_—_e.M_).
u,m—Cv(n+1)( Bo(n + 1) — e )ﬂv(n-l-l)—“)
Ly = C% o+ Dl + e — emext)

+ o[E()e=" 0 — E(l + 1)e=t+1}

+In an APL program vectors can be handled in a very efficient way.
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en) —e(n + 1)
Bo(n+ 1) — «

e—BE(n) — e~ BEMTL

5 {«E(n) + vn + D[l — «k(m)]}

+ C/—;C-z-{e‘/j“")[l + k()] — e PEC+D[L + ak(n + 1)}

Ly = -C v(n + DeE@ + 1) + vn + D]e~ @V

+ C

where e(n) = e~ fEM+akm,
For periodic band structures E{k + p) = E(k) the limit F—>co gives
19(005 -T)l _ F2 _ oFE" + E2r
T  — 2AE-EM

where (%) = (1/p) Lm dk (-+) is the average over the period. For 7— o
[6(c0, TH|/T 2.1

A similar result holds for the nonperiodic band structures (p = ), as, for
example, for the PLBS, but it depends again on the order of the limits
T— o and F— 0.
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